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1. INTRODUCTION 



Wc construct a class of highest weight irreducible representations (irreps) of the algebra Uh(Aao) [8], the 
quantum analogue of the completion and central extension A^. of the Lie algebra g/oo [1], [6]. Our interest 
in the subject stems from the observation that certain representations of gl{n) (including n = oo) [9] and 
of Aoo (see Example 2 in Ref. [10] and the references therein) are related to a new quantum statistics, the 
j4-statistics. The latter, as it is clear now, is a particular case of the Haldane exclusion statistics [5], a 
subject of considerable interest in condensed matter physics (see Sect. 4 in Ref. [13] for more discussions 
on the subject). It turns out that some of the representations of the deformed algebra Uh{Aao) satisfy also 
the rc;riTiircmcnts of the Haldane statistics. More precisely, they lead to new solutions for the microscopic 
statistics of Karabali and Nair [7] directly in the case of infinitely many degrees of freedom. These results 
will be published elsewhere. Wc mention them here only in order to justify our personal motivation for the 
work we arc going to present. One may expect certainly that similar as for Aoo [2], [4] the representations of 
Uh{Aao) may prove useful also in other branches of physics and mathematics. 

The quantum analogues of gloo and A^ in the sense of Drinfeld [3], namely Uh{gloc) and Uh{Aoo), were 
worked out by Levendorskii and Soibelman [8]. These authors have constructed a class of highest weight 
irreducible representations, writing down explicit expressions for the transformations of the basis under the 
action of the algebra generators. 

The J7/((Aoo)-modules, which we study, are labeled by all possible sequences (see the end of the intro- 
duction for the notation) {M} = {A'/i}iez € C[/i]°°, subject to the conditions: 

(a) There exists m < n G Z, such that = M^-k and M„ = Mn+k for all A; G N; 

(b) Mi - Mj G Z+ for all i < j € Z. 

Representations, corresponding to two different sequences, {Af^} ^ {M"^}, are inequivalent. The Uh{Aoo)- 
modulcs of Levendorskii and Soibelman [8] consist of all those sequences {M^**)}, for which s = m = n G zj 
and M^"^ = 1, if i < s and M^"^ = for i > s. 

In Refs. [11] and [12] a class of highest weight irreps, called finite signature representations, of the Lie 
algebra Aoo was constructed. The corresponding modules are labeled by the set of all complex sequences 
{M} = {Mj}igz G C°°, which satisfy the conditions (a) and (b). The name "finite signature" comes to 
indicate that, due to (a), each signature {M} is characterized by a finite number of different coordinates or, 
more precisely, by no more then n — m + 1 different complex numbers. 

From our results it follows that each ^oo— module with a signature {M} can be deformed to an 
L'ft(j4oo)— module with the same signature. The class of the finite signature representations of Uh{Aoo) 
is however larger, which is due to the fact that the coordinates of the Uh{Aryo) signatures take values in C[h]. 
All representations wc obtain are restricted in the sense of Ref. [8], Definition 4.1. 

In Section 2 we construct a class of highest weight irreps of the subalgebra Uh{aoo) of Uh{Aoo). Some 
of these representations, namely the finite signature representations {Definition 2), are extended to repre- 
sentations of Uh{Aoo) in Section 3. 

Throughout the paper we use the notation (most of them standard): 

N - all positive integers; 

Z+ - all non-negative integers; 
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Z - all integers; 

Q - all rational numbers; 

C - all complex numbers; 

C[h] - the ring of all polynomials in h over C; 

C[[/i]] - the ring of all formal power series in h over C; 

X"- = {(ai, 02, ... , a„)| tti G X}, (including n — oo); 

[a, b] — {x\ a < X < b, X G Z} , {a,b) = {x\ a < x < b, x € Z}; 

r({M}) - the C-basis of a module with a signature {M}; 

1, for i > 
0, for i < 0; 
9 = eV2eC[[/i]]; 

N = G C[[h]]; 

[x, y]q = xy- qyx. 



e{i) = 



2. REPRESENTATIONS OF THE ALGEBRA Vh{a^) 

The algebra Uhidoo) was defined in Ref. [8]. The authors denote it as Uh{g'{A^))f. It is a Hopf al- 
gebra, which is a topologically free module over C[[/i]] (complete in /i-adic topology), with generators 
{ei,fi,hi,c}iQZ, and 
1. Cartan relations: 

[c, a]=0, a € {hi,e^, fi}iez 
[hi,hj] = 0, 

[hi,ej] = {Sij - 5ij+i)ej, 

[hijj] = -{Sij -Sij+i)fj, 

qh,-hi+i+{e{-i)-e{-i-i))c _ q-hi+hi+i-{e{-i)-e{-i-i))c 



[cj, fj] — Sij- q_ q-i 



2. e-Serre relations: 



3. /-Serre relations: 



(1) 



CiCj = CjCi, if \i - j\ 1, 

eiei+i - (g + q~^)eiei+iei + Ci+icf = 0, (2) 
e^+iej - (g + g"^)ei+ieiei+i + e^e^+i = 0. 

/i/j = fjfi, if 7^ 1, 

fifi+i - (9 + q-')fifi+ifi + fi+ifi = 0, (3) 

- (9 + q-')h+lhh+l + Ml+i = 0. 

We do not write the other Hopf algebra maps (A, e, S) [8], since we will not use them. They are 
certainly also a part of the definition of Uh{aoo)- 
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Replacing throughout in the above relations {e^, /j, /ij, c},£z with {Ei,Fi,Hi,0}i^z, one obtains the 
definition of Uh{gloo)- 



In terms of an equivalent set of generating elements {e^, fi, hi, c}i^z, with 

e, = e,g(''•+-''•)/^ /i = /,g(''•-'^'+^)/^ (4) 
one writes the quantum analogues of the Weyl generators {eij}(ij)ez^' 

eij = [e,.[e,+i,[...,[ej-2,ej-i]g...]g]q\q, i + l<j, (5) 

eji = [fi, [fi+l, [■■■, [fj-2, fj-l]q ■ ■ ■]q]q]q, i+Kj- 

The "commutation relations" between these generators follow from (l)-(3) and are given in Ref. [8]. The 
relevance of the generators {eij}(ij)QZ^ stems from the observation that the set of ordered monomials (see 
Ref. [8] for the ordering) 

c' n (6) 

with finitely many non-zero exponents e Z-|_, I G Z+ forms a (topological) basis in Uh{aoo)- 

Set H = (BiChi, define linear functionals : _ff ^ C by Si{hj) = 6ij and set = — £i+i, Q'j_ = 
©iZ+Qi. Denote by Uhin^) (respectively Uk{n-) ) the unital subalgebra in Uh{aoo) generated by {ei}i^z 
(respectively {/Jiez )• Then 

®aeQ'.Uh{'n±)±a, (7) 

where 

Uh{n±)±a = {x€ Uh{n±)\ [h', x] = ±a{h')x, W G H} (8) 
for a 7^ 0, and Uh{n±)o = C[[h]]. Any element u e Uh{aoo) can be represented as 



oo l{k) t{a,l3) 

u = ^h!'^c^ ^ X] X] •^"''^■'>* n ^?^^''''^'^/3,fe,;,t, finite sums over a, (3, ^, (9) 

fe=0 i=0 a,l3eQ'^ 7(/c,06Z~ t=l iSZ 

where J^a,k,l,t € Uh{n-)-a, £i3,k,l,t G C^/t(?^+)+/3 and finitely many exponents ^{k,l)i are different from zero. 
The words " finite sums over a, /?, 7" have been added in order to indicate that for a fixed k only finitely 

many summands in (9) arc diflFerent from zero. 

The set Uhio-oo), consisting of all C[[/i]]— polynomials of the Chcvalley generators {si, fi, hi, c}i^Z' is 
dense in Uh{aoo) with a basis (6). In particular J-a,k,i,t, £0,k,i,t and Iligz ^7*^*'''''' ^'^^ Uh{aoo)- Then 
according to (9) any element u € Uh{aoo) is of the form 

00 l{k) t(a,l3) 

u=^ufc/l^ uk = Y,c' Yl E ^o,k,i,t]lhT''''''£0,k,i,t&Uh{aoo). (10) 

fe=o ;=o a,i3eQ'^ 't{k,i)ez-=^ t=i iez 
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We pass to construct a class of highest weight irreps of Uh{aoo)- To this end we define the J7/i(aoo)-niodule 
y({M};^o,6)) labeled by ^o, 6 e C[h] and by a sequence {M} = {Miji^z. & C[h]°° such that 

Mi - Mj e Z+, \/i<je z, 

with a basis r({M}). The latter, called a central basis (C-bases), is independent on ^o,^!- It is formally 
the same as the one introduced in Refs. [11] and [12] for a description of representations of aoo- T{{M}) 
consists of all C— patterns 



Mi-e-k, 
Mi-0-k,2k+e-i, 



M_i, Mo, Ml, 

Af-i,2fe+e-i, Mo^2k+e-i, Mi^2k+e-i, 

Mi3 



Mfe_i,... 

Mk-i,2k+e-i 



M_i 2, 



Mo3, 
Mo2 

Moi 



where fc e N, ^ = 0, 1. Each such pattern is an ordered collection of formal polynomials in h 
Mi,2k+e-i & C[h], VfcGN, 6 = 0,1, ie[-e-k + l,k-l], 

which satisfy the conditions: 

(i) there exists a positive, depending on (M), integer N(^m) > !> such that 

Mi,2k+9-i = Mi, y2k + e-i> 7V(M), e = o,i, ie[i-e-k,k-i]; 

(ii) for each fc € N, 6* = 0, 1 and i e [1 - 61 - fc. A; - 1] 

Mi+e-i,2k+e - Mi^2k+e-i € Z_|_, Mi^2k+e-i - Afi+e,2fc+e € Z+. 



, (11) 



(12) 



(13a) 



(136) 



Denote by F({M};^o,Ci) the free C[[/i]] -module with generators r({M}) and let V{{M};^o,^i) be its 
completion in the /i-adic topology. V{{M};^o,^i) is a topologically free C[[/i]]-module with a (topological) 
basis r({M}) and V{{M}; ^o, ^i) is dense in it (in the /i-adic topology). y({M}; ^o, ^i) consists of all formal 
power series in h with coefficients in V{{M};^o,^i): 



v = ^Vih\ vo,vi,V2,... e V{{M};^o,^i). 



(14) 



i=0 



If a is a C[[/i]]— linear map in V{{M};^o,^i), a G End V{{M};^o,ii), we extend it to a continuous Hnear 
map on V{{M};£^o,^i) setting 

oo 

av = '^{avi)h\ (15) 



i=0 



Therefore the transformation of V{{M}; ^o, ^i) under the action of a is completely defined, if a is defined on 

r({M}). 



We proceed to turn V{{M};^o,^i) into a Uh{aoo) module. Denote by {M)±f^j^py and (-^)±|jp}. the 
patterns obtained from the C-pattern (M) in (11) after the replacements 

Mjp Mjp ± 1 and Miq ^ Miq±l, Mjp Mjp ± 1, 

correspondingly, and let 

{[—ly for j = I 
1 forj</, e{i) = {l ^^l^l, Lij=M,j-i. (16) 
-1 for j > I 

Set moreover 

e° = fi, e]=eu i e Z. (17) 

Let {p{ei), p{fi), p{hi), p{c)}i^z be a collection of C[[/i]]-endomorphisms of V{{M};^q,^i), defined on 
any C-pattern (M) e T{{M}), as follows (see also (50), (51), (54) and (55)): 

pielT)iM) = ([L-1,2 - io,i - ^^][Lo,l - Lo,2 + A*])'/'(M)_(_i).{o,i}, M = 0, 1 , (18) 
p(e(1i).,_J(M) = - E ^^jM 

j=\—i—v l=—i 



]XkJ^j=l-i-ALk,2i+^-l - Lj,2i+u-l][Lk,2i+u-l - Lj^2i+i^-l + (-1)^+"^] 

IVk=-i-ALk,2i+.+i - Li^2i+. + (-i)'^(i - Ytk^^^i-i-.\Lk.2.+.-i - U2^+. + (-i)'^(i - M)]^ 

Y)Lk^lJ-i[Lk,2i+v - Li^2i+u][Lk,2i+i^ - Li^2i+v + (-1)''+'^] 



1/2 



X (M):;:i;:;:g-;;.+;^, ^sn, /x,^ = o,i, (19) 

'\t\+0(t)-i \ 

p{hi){M) = I ^j,m+eii) - E Mj^2\i\+eii)-i + (Ci - ^o)0{-i) - {M), i G Z, (20) 

3 = -\i\ i=-KI + l-e(i) / 

p(c)(M) = (eo-6)(M). (21) 



Above and throughout [x] = ''gig-i G If a pattern from the right hand side of (19) does not belong to 

r({M}), i.e., it is not a C-pattern, then the corresponding term has to be deleted. (The coefiicients in front 

of all such patterns are undefined, they contain zero multiples in the denominators. Therefore an equivalent 
statement is that all terms with zeros in the denominators have to be removed). With this convention all 
coefl[icients in front of the C— patterns in r.h.s of (18)-(21) are well defined as elements from C[[/i]]. 

Proposition 1. The endomorphisms {p{ei), p{fi), p{hi), p{c)}i^z satisfy Eqs. (l)-(3) with p{ei), p{fi), p{hi) 
and p{c) substituted for Bi, fi, hi, and c, respectively. 
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Proof. The proof is based on a direct verification of the relations (l)-(3). This verification is lengthy and 
nontrivial. The most difficult to check are the last Cartan relations in (1), corresponding to i = j. In order 
to show they hold, one has to prove as an intermediate step that the following identities are fulfilled: 



s=0 j=l-fc l=-k 



Y\ijij=l-k{Li,2k-l — Lj^2k-1 + s][-£/i,2fe-l — -^j,2fe-l + S — 1] 



n'=-A:[^':. -'/.•+! - L,,2k + ••'■] nLLi-A.^-^':.2/,-i - Li,2k + s] 



k-l k-2 k fe-1 

^ Lj,2k-1 - ^ Lj^2k-2 - ^ Lj^2k+1 + ^ Lj^2k - 1 
j=-k+l j=-k+l j=—k j=-k 



VfceN, (22) 



1 fe-i fc 

E E E(-i) 

s=0 j= — k l= — k 



:Yli^l=-k[^i,'^k+l - Lj^2k - .S + 1] U.i=l-k[^h2k-l - Lj,2k -S + 1] 



2k — ^j,2k 



S + 1] 



riiL-Zc-l [^v2/c+2 — iz,2fc+l — s] ni5^/=-fc[^j,2fc — Li^2k+l ~ ' 
Ili=/.l=-k{^h2k+l - ■^i,2fe+l — s][Li^2k+l — Li^2k+1 -S + 1] 



Lj,2k+2 - ^ Lj,2k+1 - ^ ij,2fe + ^ Lj^2k-l - 1 
j=-fe— 1 j=-fe j=— fc j=-fe+l 



Vfc G N. (23) 



We proceed to verify (22) and (23). Let 

TP /u\ / 1 \s ^i^l=-k[^iak ~ Lj,2k-1 +S-1] nf=l^-fe[-^i,2fe-2 - ii,2fe-l + - 1] 

^fcW = 2^ 2^ 2^(-i) — ppfe^i z —77 z • 

s=0 j=l-fe l=-k lli7tj=l-fc[-^i,2fe-l - %,2fe-l + Sj[ivi,2fe-1 - ^j,2k-l + S - ij 

^ Ili=-k[^i,2k+l - Li^2k + g] ni'^jLl-fc[-^i,2fc-l - U,2k + S] 



nj^i=_fe[-^i,2fc - -t';,2fe + s][-t'j,2fe - -t';,2fe + S - 1] 

fe-1 

Gk{h) " 
J)j (ft) and Gk {h) are formal power series, 

00 00 
Fk{.h) ^J2ck^h\ Gk{h) = 



fe-l fc-2 k k-l 

^ Lj^2k-1 - ^ Lj^2k-2 - ^ -£'j,2fe+l + ^ -£'j,2fe - 1 
j=-k+l j=-k+l j=-k j=—k 



i=0 



i=0 



In order to prove that (22) holds one has to show that Cki = dki for any k and i. To this end replace h in 
(22) by a complex variable a; G C, so that x takes values on any curve 7 C C and x ^ iirQ. Then Fk{x) and 
Gk {x) are well defined for any a; G 7 and 

Fk{x) = '^Ckix\ Gk{x) = y^^dkix\ 



i=0 



i=0 



Therefore Cki = dki if Fk{x) = Gk{x). Since h appears in (22) only through q = e^/'^, we have to show that 
(22) is an identity for q being a number, which is not a root of 1. The same arguments hold also for (23). 

Let g e C be not a root of 1. Setting q'^^'-^k-i = ^^.^ q2L,,2k = b,, g2L,.2fc+i ^ ^.^ ^2L.,2fc-2 = 
A, 2k = nm (22) and ,^2(L..2fc-i) = ^2L,,2,+i ^ g2(L,,2fc+2-i) = c\, g2L,,2fc-i ^ 2A: + 1 = n 
in (23) and relabeling the indices in an appropriate way, one reduces both identities to the following one: 

U hi A,B, nr^";=i(^^- - ^*)(^^- - «"'^^) nr^/=i(5< - - q-^B,) 

^ m^i^iiA, B,) nLt(A, - A) YltliBi - q^C) Yll^UiBi - q^A,) 



= (, _ ,-1) _ g^ v^,7-r r 1 > (24) 

which can be written also in the form 



Qin=i{Aj-q-'B,)Yr:ZhAj-q-'Di) nr=i'(B; - Ci) m^U(Bl - Ai) 



U YTi^lM - Ai){Aj - q-^Ai) jri {A^ ' q-^Bi)Bi nr^i=i(Si - B{){Bi - q-^B,) 



^ q-' K^'jBi - q^C) Y\::il{Bi - q^Aj) Wl^i^Mi ' Bi) YTiZiiAj - A 



:i Bl Il7^i=ABi - Bi){Bt - q^Bi) ^ Aj{Bi - q^Aj) Ui^^^iiAj - A){Aj - q^A) 
Consider the complex functions: 

mii\z - am:^;^i{^ - Ai) uu=i('-Bm=hz-Di) 

^'^'> iz-q2Aj)l]:^,iz-Bi)iz-q-^Biy ^'^'> (, _ ,-25,) n--,^(. - A,)(. - g^A,) " ^''^ 

The function fi{z) (resp. f^iz)) is holomorphic over C except in its simple poles q^Aj, Bi, . . . ,Bn, 
q~'^Bi, . . . , q~^Bn (rcsp. q~^Bi, Ai, . . . , An-i, q^Ai, . . . , q'^An-i-) Let C be a closed curve whose in- 
terior contains all poles of fi{z) (rcsp. ,f2{z)-) The Residue theorem of complex analysis implies that 
ic ~ J2 B.es{fj{z)), j = 1, 2. On the other hand, 

y fj{z)dz = -2-jTiResfj {00) j = 1, 2. (27) 
Applying the Residue Theorem for both functions (26) and inserting the results in (25) one obtains: 

Y^ m=iiA,-q-^D,)Yri+,\A,-q-^Q) " na^(^^ " g^Q Ur^t (^^ - g^A) 
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1 „2 ni=l (r,o\ 



In order to prove this last identity consider the function: 



Applying again the Residue Theorem on this function one obtains (28) which proves formulas (22) and (23). 
In addition to the identities (22) and (23) the last Cartan relation (1) is valid if: 

A f nU [ai - - 1] nU - - 1] - ^j] uU -^A ^ ^^q. 

jri V n"#i=i [o-i - aj] [ai - aj - 1] U^^i=i " ^j] ["-i - «j + 1] / 

which is proved in a similar way. The verification of all other relations (l)-(3) is based on (30) or/and on 
some of the following identities: 

([a-6-l][c-6-l]M2][a-6][c-6-l] + [a-6][c-6])( ^;;;j[— 
([a-6-inc-6-I]-[2][a-6-inc-6] + [a-6][c-6])( ^;--;][-^^^ + ^ 

(31) 

[a - - 1] - [2][a][b - 1] + [a][b] ^ [a - 1] [6 - 1] - [2] [a - 1] [6] + [a] [6] ^ ^^2) 



[a-b+1] [a-b-1] 

[a-l]-[2][a] + [a+l] = 0. (33) 

This completes the proof. [] 
Remark. We may have constructed the endowmorphisms {p(ei), p{fi), p{hi), p{c)}iQZ from the results on 
the representations of Uh{gloo), announced in Ref. [14] and, more precisely, from the endowmorphisms 
{p{Ei), p{Fi), p{Hi)}i^z of the C[[/i]]— module V{{M}), which satisfy the Cartan and the Serre relations for 
Uh{gloo) (Ref. [14], Eqs. (16)-(18)). This possibility is based on the observation that the C[[/i]]— linear map 
ip, defined on the generators as 

(p{Ei) = ei, <fi{Fi) = fi, (f{c) = c, 

(34) 

<p{Hi) = hi + {0{-i) + a)c, aeC[h] 

and extended by associativity is an (algebra) isomorphism of Uh{gloo) © CI[[/),]]c onto Uh{aoo)- Then the 
endomorphisms {p{ei) , p{fi) , p{hi) , p{c)}i(=z defined according to (34) (with a(^o — Ci) = ^i) as 

p{ei) = p{Ei), p{fi) = p{Fi), p{c) = Co - 6, 
p{hi)=p{Hi)-{{^o-^i)e{-i)+^i), 

obey Eqs. (18)-(21). Here we have given a direct proof of Proposition 1, since the corresponding Proposition 
1 in Ref. [14] was only stated. Its proof would have been based again on the identities (22) and (23). 
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Consider p as a C[[/i]]— linear operator from Uh{aoo) into End V{{M};£,q,£^i). So far p is defined only 
on the Chevalley generators {e^, .fi,hi,c}i^z- Extend the domain of its definition on Uh{(ioo)' if P has already 
been defined on a, 6 G Uhio-oo), then set 

p{aa + l3h) = ap{a)+ I3p{b), p{ab) = p{a)p{b), a,hetJh{a^), a, /3 e C[[/i]]. (36) 

As wc know from (10), any element u € Uh{aoo) can be represented as a sum u = X^^^o'"*'^'' ^ Uh{aoo)- 
Then for an arbitrary v G V{{M};^q,S^\), writing it as in (14), we have 

(oo \ /oo \/oo \ oo/n \ 

p{Ui)h' P = E P^^'i)^' E = E E Pi^n-m)Vm /l" & V {{M}' ^o, Cl), (37) 

i=0 / \i=0 / yj=0 y n=0 \m=0 / 

since 

^ p{Un-m)Vm & V {{M}; ^q, ^l) ■ 
m=0 

Using (37), we extend p on Uh{aoo)'- 

oo 

p(«) = ^ p{ui)h' G y({M}; ^o, 6) V « G [/^(aoo). (38) 

i=0 

Hence p is a well defined map from Uh{aoo) into End y({M};^OjCi), 

p: UhM ^ EndV{{M}-io,^i)- (39) 



Proposition 2. T/ie map (39), acting on the C— basis according to Eqs. (18)-(21), defines a highest weight 

irreducible representation ofUh{aao) in V^({A'/}; Ci))- 

Proof. According to Proposition 1, (36), (38), p is a C[[/i]]-homomorphism of Uh{aoo) in End V{{M^\ ^o, ^i)- 
It is continuous in the /i— adic topology. Indeed, let u G Uh{o-oo)- Then any neighbourhood W{p(u)) of p(u) 
contains a basic neighbourhood p{u) + h^End V{{M};£^o,^i) C W{p{u)). Evidently 

p{u + h^Uh{a^)) C p{u) + h^'End V{{M}; ^o, 6) C W{p{u)) (40) 

and therefore p is continuous in u for any u G Uhidoo)- Hence V^({M}; ^o, ^i) is a C/^(aoo)— module. It is 
a highest weight module with respect to the "Borel" subalgebra Uh{n+). The highest weight vector (M), 
which by definition satisfies the condition p{Uh{n+)){M) = and is an eigenvector of p{H), corresponds to 
the one from (11) with 

Mi,2k+e-i = Mi, VfcGN, ^ = 0,1, ie[-9-k + l,k-l]. (41) 

Moreover, V{{M};^o,£,i) = p{Uh{<ioo)){M). Since y({M};^o,Ci) contains no other singular vectors, vec- 
tors annihilated from p{JJh{n+)), each l^({M};^o,^i) is an irreducible [//i(aoo)-niodule. The proof of the 
latter follows from the results in Ref. [12] and the observation that each (deformed) matrix element in the 
transformation relations (18)-(21) is zero only if the corresponding nondeformed matrix element vanishes. [] 
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3. REPRESENTATIONS OF THE ALGEBRA Vh{A^) 



In this section wc show that some of the [/;i(aoo)— modules V{{M};^o,^i) can be turned into irreducible 
highest weight Uh{Aoo)— modules. First, following Ref. [8], we recall the definition of the quantum algebra 
Uh{A.oo) (denoted by the authors as Uh{g'{Aoo))) only within the algebra sector (for the other Hopf algebra 
maps see Ref. [8]). Uh{Ai,o) consists of all elements 

oo l(k) t(a,l3) 

w = ^/7/'^c' ^ ^ ^ J^a,k,i,tY\_^i^'''''^'^l3,k,i,t, infinite sums over a, P, ^, (42) 

k=o 1=0 a,peQ'^ 7(fe,0ez~ t=i iez 

however certain conditions on the pairs {a, 7) corresponding to the non-zero summands are imposed. In 
order to state them, set for a = J2i nriicn e Q^, 7 = {7i}iez € Z^, 

5(a) = {i I m, ^ 0}, S(7) = {i I 7i 7^ 0}, 5(a,7) = 5(a) U 5(7). (43) 

Connecting i and j if \i — j\ — 1, one can view S'(a,7) as a graph. Denote by J-{a,^) the collection of its 
connected components. For any u = X^^Lo ^'^'"fe ^ given in (42) consider the series 

and let 

J^{u,k) = Uj^{a,^), (45) 

where the union is taken over all a and 7, which appear in the non-zero summands of (44). For i G Z and 
fc G Z+ set 

Int{u, k, i) = {I e T{u, k)\i&I}. (46) 

For r G N define the series u{r), corresponding to u, by substituting for all hi (i < — r or z > r) and 
for all ej, fi {\i\ > r). 

Definition 1. [8] The series u of the form (42) is said to belong to UhiA^y^), provided 
(i ) for any k G Z+ and any i <E 7a the set Int{u, k, i) is finite; 
(a) u{r) e f//j(ooo) for all r G N. 

We turn to construct a class of representations of Uh{Aoo)- The idea is to show that within certain 
y({M};^0)^i) the domain of the definition of the operator p : Uhidoo) — * End ^({Af }; ^0, ^i) (f'CC (39)) 
can be extended from Uh{aoo) to Uh{Aoc), so that p is a representation of Uh{Aoo) in V{{M}]^o,^i). The 
construction is a natural one. We assume that p(u) is a continuous C[[/i]]— linear operator in V{{M};^o,£^i) 
for any u G Uh{A^). Then for any v = T.T=o^jh^ G 1^({M}; ^o, 6), Vj G F({M};^o,6) 

00 

p{u)v = Y^{p{u)v,)hK (47) 
j=o 

The above series is well defined, if p{u)vj G V{{M};^o,^i). Since vj is a (finite) C[[/i]]— linear combination 
of C— basis vectors the latter holds, and hence p{u) is defined as an operator in V{{M}; ^0, ^1), if p{u){M) G 
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V{{M};^o,^i) for any C— pattern (M). Thus, the first step is to clarify which are the {//((ttoo)— modules 
V{{M};^o,^i), for which this can be achieved. 



Definition 2. We say that V{{M}; ^o, Ci) ''■s of a finite- signature or, more precisely, of (m, n) signature and 
write {M} = {Mj^^n if there exist integers m < n € Z, such that M„ = M^-fc and M„ = Mn+k for all 
fc G N. 

We now proceed to show that each finite signature Uh{acc) module V{{M}m.n', M^, Mn) can be turned 
into a Uh{Aao) module. To this end we prove first a few preliminary propositions. 

Denote by V{{M};^o,ii)N, 1 < ^ G N the subspace of V{{M};^o,ii), which is a C[[/i]] -linear 
envelope of all C— basis vectors (M), for which 



Mi,2k+e-i = Mi y2k + 6-l>N, 9 = 0,1, i e [1 - - k,k - 1]; 



(48) 



Note that V{{M};^o,^i)n is a finite dimensional subspace. 
Proposition 3. 



p(efc)F({M};^o,6)jv = 0, if fc ^ (-1(7V + 1), l(Ar - 2)). 



Proof. From (19) one obtains: 



(49) 



k k 

p(e,)(M)=-^ S{j,m 

j=-k 



-k-1 



n 



i^i=-k- 



i,2k+2 



2fe+2][i'i,2fc+2 



2k+2 



1/2 



1/2 



(50) 



p{e-k){M) 



k-2 k-1 
j=-k+l l=-k+l 



Yli^L-k+l{^i,2k-l - Lj,2k-2 + 1] Yli=2-k{^h2k-3 " Lj,2k-2 + 1] 



k-2 



Y[i^j=-k+l{-^i,2k-2 — Lj^2k-2][Li^2k-2 — Lj^2k-2 + 1] 



1/2 



Y[i=-kl^i,2k - ■£';,2fe-l] Y[i^j=-k+l[^i,2k-2 " Li 



k-2 



,2fc-lJ 



Y\ij!:l=-k+l[^i,2k-l — Li^2k-l][Li,2k-l — i'Z,2fe-l + 1] 

If (M)ey({M};^o,6)ivand 



1/2 



(M):gS:^,>, k > 1 



(51) 



if k> -{N - 2)), then Li,2fe+3 = .^^i,2fe+2 = Li = Mi - i, 
if k< ~{N + 1), then ij,2fe-i = Li^2k = Li = Mi - i. 



(52) 



12 



In both cases the r.h.s. of (50) and (51) contain zero multiples (i; 
Proposition 4. 



— Li) and therefore vanish. 



p{fk)V{{M}m,n;Mm,Mn)N = Q, if k ^ {min{~{N + i),m - l},max{^N,n}). 



Proof. Let (M) G V{{M}my,Mm,Mn)N- The relations that follow from (19) in this case are 



p{fk){M) 



j=-k l = -k-l 



1/2 



I\ij!:j=-k[^h2k+l - Lj^2k+l][Li,2k+l - Lj,2k+1 + 1] 



Y[z=-k-l{^h'2k+3 - Ll,2k+2 + 1] Y[i^j=-k{^h'^k+l - Ll,2k+2 + 1] 



n^^;=_fe_l [-^i,2/c+2 — Li^2k+2][Li,2k+2 — -^(,2fe+2 + 1] 



1/2 



A;— 2 fe— 1 

p(/_fe)(M) = - ^ ^ 5(j,Z;l) 

j=-fe+l l=-k+l 



Ili^l=-k+l[^i,2k-l - Lj^2k-2] UA=2-k[^i,2k-3 - Lj,2k-2 



k-2 



1/2 



Ili^j=-k+A^h'^k-2 - Lj^2k-2][Li,2k-2 - Lj^2k-2 - 1] 



Ili=-ki^i.2k - Li^2k-1 - 1] nj'5^/=-fe+l[-^i.2fe-2 - i;,2fc-l " 1] 



k-2 



rii^iL-fe+l [-^i,2fc-l — Ll,2k-l\[Li,2k-l — Li^2k-1 — 1] 



1/2 



\{k> N/2, then -Li,2fe+3 = -^i,2/s+2 = -^i,2/s+i = ii,2/s = Li = Mi-i and therefore (54) reads: 



p(/,)(M) = - E E ^O'^;o) 



j=-ki=-k-i 



ULi^-k-ALi-LAUiZ-kiLi-Lj] 



Ili^j=-k[Li-Lj][Li-Lj + l] 



1/2 



Hil-k-iiLi -Li + 1] n-^j^-klLi -Li + l] 



nLi=-k-i[Li-Li][Li-Li + l] 



1/2 



[^^^)-{j,2k+l} 
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Above only the term with j = k survives: 



p(/fe)(M) = - 

l=-k-l 



niZ-k[Li-Lk]m-Lk+i] 



1/2 



ni=-fe-i [Li -Lt + l] Ut-k[Li -Li + 1] 



fe-i 



1/2 



-S{k,k;0) 



Ut-k-i[Li - Lk] Ui=-k-i[Li -Lk + 1] UiZ-k[Li -Lk + 1] 



UiZ-kiLi -Lk + 1] nt-k-ALi - Lk][Li -Lk + 1] 



rfe-l 



1/2 



{MX 



-{fe,2fe+2} 
-{fe,2fe+l} 



k-1 



- S{k,l;0) 



-fe-i 



UU=-k-i[Li - Lk] Ui=-k-i[Li -Li + 1] UiZ-kiLi -Li + 1] 



fe-i 



UiZ-kiLi -Lk + 1] nU=-k-ALi - Li][Li -Li + 1] 



1/2 



In the last term I ^ k. Hence 

A- fc-1 

II [Li-Lk] = [Lk-Lk] n [Li-Lk]=0 
ijti=-k-i ijii=-k-i 

and therefore it vanishes. Then 



p{fk){M) = 



U'^-k-i[L^-Lk + l] 



U':Z-k-l[L^-Lk + l] 



1/2 



iM)z\tfkll\ = - -Lk+ i]r iM)z\i';ixti 



1/2 /Ji^\-{fe,2fc+2} 



I.e.- 



p{fk){M) = - \[Mk+i - Mk]\'^' {M)-_\lf,ll\. (56) 

If A; > n then Mk+i = Mk and p{fk){M) = 0. In a similar way one derives from (55) that p{fk){M) = if 
k < min{ — \{N + 3), m — 1}, which proves (53). [] 
Proposition 5. 

p{hk)V{{M}m,n; Mm, Mn)N = 0, if k ^ {min{-^{N + 1), m}, max{^N, n)). (57) 



The proof follows easily from (20). 
Set 



rjv = max{-{N + 3), 1 — m, n}. 



(58) 



Prom the last three propositions one concludes. 
Corollary 1. If k ^ (— ''jv, rjv), then 

p{hk)V{{M}m,n; Mm, Mn)N = p{ek)V {{M}m,n, Mm, Mn)N = p{fk)V{{M}m,n; Mm, Mn)N = 0. (59) 

Proposition 6. p{Uh{n+)fi)V{{M};^o,^i)N C V{{M};^o,ii)N for any iV e N. More precisely, 

If S{(3)c{-^^^^,^^^^) = In, then p{Uh{n+)+i})V{{M};^o,^i)N cV{{M};^o,^i)n. (60) 



// S{(3)(^ In, then p{Uh{n+)p)V{{M};^o,^i)N = 0. 
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(61) 



Proof. Prom (19) (or directly from (50) and (51)) one concludes that 

p(e,)(M) e V{{M}-io,ii)N, V J e (-^^^^, ^^^^) 'ind V (M) € ^({M}; ^o, 6)Ar. (62) 
Hence (60) holds. 

Assume S{(3) (/L Im and let P^g be a monomial of the generators Ci, i E S{/3). Pp can be represented as 
-P/3 — Q'^nQ, where Q depends only on the generators ej with j G S{(3) D In and n ^ Im- Then (62) yields 
that p{Q){M) G V^({M};^o,Ci)Ar and therefore {Proposition 3) p{P0){M) = p{Q')p{en)p{Q){M) = 0. [] 
Proposition 7. Let u be any element from Uh{A^), represented as in (4.2). Then 

oc l{k) t(a,(3) 

fc=o ;=o ce,/3eQ'^ 7(fc,;)6zy t=i iez 

for any (M) /TOm the basis T{{M}) of V{{M}m,n', Mm, Mn). For a fixed k the number of the non-zero 
summands in (63) is finite. 

Proof. In order to prove the proposition it suffices to show that 

t(",/3) 

a,/3eQ+ 7(fc,0ez~ t=i iez 

Let for definiteness (M) G FdMl^.n; -^mi -^n)Ar and let /3o be the weight of (M). Since S/3,k,i,t € Uh{n+)0, 
p{£p,k,i,t){M) G y({M}„,„;M„,M„)jv {Proposition 6). Each p{£0^k,i,t){M) has a weight /? + /3o and the 
nonzero vectors p{£/}^k,l,t){M), corresponding to different (3 G Q^, are linearly independent (over C[[h]]). 
Since V{{M} 

m,n't -^mj Mn)N is a finite dimensional subspace, p{£p^k,i,t){M^ ^ only for a finite number of 
/3 G Q+. Hence the sum over j3 in (64) is finite. Setting p{£ij^k^i^f){M) = V0^k,l,t G ^({-^}m,n) -^mi -^n)jV) 
we obtain for the l.h.s. of (64) 

E E E '^(•^".M,*)n'^('^*)'''''''^/3.M,f (65) 

a,/3eQ'+ 7(fc,0ez~ t=i iez 



We proceed to show that the sum over a and 7 in (65) is finite too. Without loss of generality we assume 
; every J^a,k,Lt Iliez ' 
a particular pair (a, 7): 



that every J-a,k,i.t Iliez /i^*'*^''''' is a monomial of {/i, hiji^zz- Consider any term from (65), corresponding to 



p(J^a,fc,M) n PihiT^'^'^^'vp^kU- (66) 
iez+ 

Let .F(a, 7) be the connected components of S{a,'y): 

J^{a,-f) = {Iai,bi = [ai,bi]\i=l,2,...,n}, ai<bi&Z, \ai - bj\ > 1, if i ^ j. (67) 

In (67) we do not distinguish between a connected component /a«,6i (with a beginning in a, and end in hi) 
and the corresponding to it finite integer interval [ai,bi]. Then 

n 

iez+ i=l 
15 



where Ti is a monomial of fj,hj, j £ [ai,bi\. Prom (1) and (3) it follows that the multiples J^i in (68) 
commute. If [aj,6j] C (— oo, — rjy] or [aj,6j] C [rjv,oo), then Corollary 1 yields that p{^i)vi3^k.i,t=Q- Hence 
also p{Ta.kd,t)'[lj,=z+ Pi^i)'''''''^^''"P-kd,t = 0. Thus, the sum in (64) is over such pairs (0,7), for which 
all connected components of S{a,^), namely the elements from J-'{a,"f), have nonzero intersection with 
(— rATj^Ar). There is only a finite number of pairs (a, 7) with this property, for which Int{u,k,i) is finite. 

The conclusion is that the l.h.s. of the series (64) contains a finite number of non-zero summands. Since 
the generators of UhiAoo) (see (18)-(21)) transform V{{M}m,n; Mm, M„) into itself, (64) holds. Hence (63) 
holds too. [] 

Based on Proposition 7, we extend the domain of the operator p on Uh{Aao), setting for any u G Uh{Aoo) 
(see (42)) 

00 Kk) t{a,l3) 

p{u) =Y,h^Y^ p{cy J2 12 12 Pi^c^^ku) n Pi^ir^'^'^^^piS^Aht) e EndVUMUy, Mrn, M„) 
k=o 1=0 a,0eQ'^ 7(fe,i)ez~ t=i iez 

(69) 

The map p is a homomorphism of Uh{Ar^) in End V{{M}m,n', M^,, M^). It is continuous in the /i— adic 
topology. Hence p defines a representation of Uh{Aao) in V{{M}m,n', M^, Mn), which is a highest weight 
irreducible representation (since it is a highest weight irreps with respect to the subalgebra Uhia^o))- 

Let V — X^fegz^ h^Vk, Vk € V{{M}m,n: Mn) be an arbitrary element from y({M}m^„; M^, M„). 
Since each is a finite linear combination of C-vectors, for any k S Z_|_ there exists an integer > 1 such 
that Vk € V{{M}m,n', Mm, Mn)Nk- Then from (59) and (61) one concludes that the following properties 
hold: 

1. p{Uh{n+)p)vk = 0, if S{p)(^{-rN,,rN,), (70a) 

2. p{Uh{n-)-a)vk ^0, if S{a) C {-00, -TNk] or S'(a) C [rw^ , 00), (706) 

3. p{hi)vk=0, if |i| >rjv,. (70c) 

Therefore each finite signature representation of Uh{Aoo) in V{{M}m,n', Mm, Mn) is a restricted representa- 
tion (see Definition .^.i in Ref. [8]). 

Let us mention in conclusion that the Uh{cLoo) modules y({M}; ^0, which are not of a finite {m,n) 
signature and for which ^0 7^ Mm- ^1 7^ M,,. cannot be turned into Uh{Aoc) modules. In order to see this 
consider the transformation of the highest weight vector (M) under the action of the operator / = X^jgz hi € 
Uh{Aoo)- From (20) and (41) one obtains: 

(0 cx> \ 

i=—oo i=l / 

The r.h.s. of (71) is not divergent only in the finite-signature modules V{{M}m,n', Mm, Mn). 

We were dealing with algebras and modules over C[[/i]]. The algebra Uh{A^) is however well defined 
also for h being a fixed complex number he, such that he ^ inQ, namely in the case q = e^" is not a root of 
1 [8]. In that case the representations we have obtained remain highest weight irreps of Uha{Aoo) realized in 
infinite-dimensional complex linear spaces. 
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